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abstract
We formulate a gauged linear sigma model on a supermanifold. The structure of
classical vacua is investigated and one-loop corrections are calculated for an auxiliary D-
field. We find out a constraint for the one-loop divergence to vanish, which is consistent
with a Ricci flatness condition for the supermanifold. Two types of D-branes are obtained
by analysing supersymmetric boundary conditions. We also provide extensions to a non-
abelian gauged linear sigma model and a (0, 2) supersymmetric model.
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1. Introduction
It has recently been pointed out in [1] that the topological string theory on a twistor
space is associated with an N = 4 super Yang-Mills theory. The Maximally-Helicity-
Violating (MHV) amplitude of the four dimensional N = 4 super Yang-Mills theory was
computed in terms of the topological B-model on a supermanifold CP3|4 by [1]. This
surprising correspondence attracts a lot of attention and various works have been done
in this topic. The MHV amplitudes were analysed in [2–7] and non-MHV amplitudes
and googly amplitudes were considered in [8–14]. Some further investigations of the gauge
theory amplitudes appeared in [15–31]. Such interesting relations between the super Yang-
Mills theory and the topological string gave rise to several works [32–38], while the string
theory itself on a twistor space was developed by [39–45].
We are interested in also the geometry of supermanifolds [46,47]. Topological sigma
models are useful tools to study geometric properties of the manifolds. In constructing
topological B-models, the Calabi-Yau condition is necessary. Though ordinary complex
projective space CP3 is not a Calabi-Yau manifold, the super twistor space CP3|4 is a super
Calabi-Yau manifold [48] and topological B-model can be realised on this supermanifold
CP
3|4. As a concrete example, a twistorial Calabi-Yau supermanifold was considered by
[49,50], in which S-duality of topological string was discussed.
Topological sigma models have rich structures and it has been known that there
is mirror symmetry of Calabi-Yau manifolds, which is the correspondence between the
topological A-model and the B-model (for example, see [51,52] and references therein). The
mirror symmetry for the supermanifolds was an interesting subject and it was discussed
in [48,53–56].
The gauged linear sigma model on an ordinary space was studied in [57] and phases
of the model were investigated. It has been believed there is correspondence between
a Calabi-Yau and a Landau-Ginzburg theory, which is interpreted as the phases of this
gauged linear sigma model. If a Fayet-Iliopoulos (FI) parameter r becomes sufficiently
large, the linear sigma model is reduced to the nonlinear sigma model on a Calabi-Yau
manifold. On the other hand, for r ≪ 0, the linear sigma model is reduced to a Landau-
Ginzburg theory. This correspondence is understood as a kind of mirror symmetry. We
expect that such correspondence governed by the FI parameter will be found in the gauged
linear sigma model on a supermanifold.
D-branes in the topological string theory were considered in [58] and there exist A-
branes (B-branes) in the topological A-model (B-model). Since the D-branes are provided
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by the boundaries of open strings, the D-branes in the topological theory were derived
from the analysis of boundary conditions preserving some supersymmetry. The gauged
linear sigma model is useful tool to understand such D-branes [59,60]. We are now in-
terested in the D-branes embedded in the supermanifold, which will be derived from the
supersymmetric boundary conditions in a gauged linear sigma model on the supermanifold.
In this paper, we shall consider a gauged linear sigma model on CPm−1|n. In section
2, we construct the Lagrangian of the U(1) gauged linear sigma model on this manifold.
Here fermionic chiral superfields are introduced, whose lowest components are Grassmann
odd fields. In section 3, the structure of the classical vacua of this model is analysed. Then
we compute the one-loop correction to the D-field in order to study quantum effects and
discuss relations to the Ricci flatness condition for CPm−1|n. In section 4, we concentrate
on open string sectors. Here we discuss the A-type and the B-type boundary conditions
and show the existence of A-branes and B-branes. They are realisations of supersymmetric
boundary conditions. In section 5, we consider two extensions of the U(1) gauged linear
sigma model. One is the non-abelian gauged linear sigma model and the other is the model
with (0, 2) supersymmetry. Section 6 is devoted to conclusions.
2. U(1) gauged linear sigma model
We want to construct a gauged linear sigma model on a supermanifold. Here we
consider a U(1) gauge group for simplicity. Let us begin writing down the notations
following [57,61]. The supercoordinates of the world-sheet are denoted by (x0, x1, θ
±, θ
±
).
We set the metric of the world-sheet to be ηij = diag(−1,+1). The differential operators
are
D+ =
∂
∂θ+
− iθ+(∂0 + ∂1), D− = ∂
∂θ−
− iθ−(∂0 − ∂1),
D+ = − ∂
∂θ
+ + iθ
+(∂0 + ∂1), D− = − ∂
∂θ
− + iθ
−(∂0 − ∂1),
(2.1)
and the super charges are defined:
Q+ =
∂
∂θ+
+ iθ
+
(∂0 + ∂1), Q− =
∂
∂θ−
+ iθ
−
(∂0 − ∂1),
Q+ = −
∂
∂θ
+ − iθ+(∂0 + ∂1), Q− = −
∂
∂θ
− − iθ−(∂0 − ∂1).
(2.2)
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We introduce two types of chiral superfields, namely, a bosonic chiral superfield and a
new fermionic chiral superfield [1]. Firstly an ordinary bosonic chiral superfield is defined
by DΦ = 0 and is described in terms of component fields as
Φ = φ+
√
2(θ+ψ+ + θ
−ψ−) + 2θ+θ−F
− iθ−θ−(∂0 − ∂1)φ− iθ+θ+(∂0 + ∂1)φ− θ+θ−θ−θ+(∂20 − ∂21)φ
− i
√
2θ+θ−θ
−
(∂0 − ∂1)ψ+ + i
√
2θ+θ−θ
+
(∂0 + ∂1)ψ−.
(2.3)
Here φ and F are bosons, while ψ+ and ψ− are fermions. Secondly we can define an
anti-chiral superfield by DΦ = 0. It is hermitian conjugate of the chiral superfield and is
written as
Φ = φ−
√
2(θ
+
ψ+ + θ
−
ψ−) + 2θ
−
θ
+
F
+ iθ−θ
−
(∂0 − ∂1)φ+ iθ+θ+(∂0 + ∂1)φ− θ+θ−θ−θ+(∂20 − ∂21)φ
− i
√
2θ−θ
−
θ
+
(∂0 − ∂1)ψ+ + i
√
2θ+θ
−
θ
+
(∂0 + ∂1)ψ−.
(2.4)
In the following sections, the lowest components φ’s (φ’s) of chiral (anti-chiral) superfields
are interpreted as bosonic coordinates of the target space. In the case of the supermanifold,
we should introduce fermionic chiral superfields whose lowest components are Grassmann
odd fields, namely, these lowest components describe the anti-commutative coordinates of
the supermanifold.
In the same way, we can define the fermionic chiral superfield in component expansion:
Ξ = ξ +
√
2(θ+b+ + θ
−b−) + 2θ+θ−χ
− iθ−θ−(∂0 − ∂1)ξ − iθ+θ+(∂0 + ∂1)ξ − θ+θ−θ−θ+(∂20 − ∂21)ξ
− i
√
2θ+θ−θ
−
(∂0 − ∂1)b+ + i
√
2θ+θ−θ
+
(∂0 + ∂1)b−.
(2.5)
ξ and χ are Grassmann odd, while b+ and b− are Grassmann even. So this chiral su-
perfield behaves totally as a Grassmann odd superfield. The anti-chiral superfield is then
represented by
Ξ = ξ +
√
2(θ
+
b+ + θ
−
b−) + 2θ
−
θ
+
χ
+ iθ−θ
−
(∂0 − ∂1)ξ + iθ+θ+(∂0 + ∂1)ξ − θ+θ−θ−θ+(∂20 − ∂21)ξ
+ i
√
2θ−θ
−
θ
+
(∂0 − ∂1)b+ − i
√
2θ+θ
−
θ
+
(∂0 + ∂1)b−.
(2.6)
Note that the signs in front of some components in the fermionic anti-chiral superfield
(2.6) are opposite to the corresponding components in the bosonic one (2.4). For example,
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compare the second term −√2 θ+ψ+ on the right hand side in (2.4) with +
√
2 θ
+
b+ in
(2.6). The conjugate of θ+ψ+ is −θ+ψ+ because θ and ψ are anti-commutative. On the
other hand, since b+ is a bosonic component, θ
+
and b+ can commute with each other and
the conjugate of θ+b+ becomes +θ
+
b+.
We shall take m bosonic and n fermionic coordinates and consider an (m|n)-
dimensional supermanifold. Since these coordinates are regarded as the lowest compo-
nents of chiral superfields, we introduce m bosonic chiral superfields and n fermionic chiral
superfields,
ΦI(x), (I = 1, 2, · · · , m), ΞA(x), (A = 1, 2, · · · , n).
To construct a projective supermanifold, we consider the U(1) gauge theory by intro-
ducing an abelian vector superfield V . By the use of component fields, the vector superfield
is described in the Wess-Zumino gauge,
V = −
√
2θ−θ
+
σ −
√
2θ+θ
−
σ + θ−θ
−
(v0 − v1) + θ+θ+(v0 + v1)
− 2iθ+θ−(θ+λ+ + θ−λ−)− 2iθ−θ+(θ+λ+ + θ−λ−) + 2θ+θ−θ−θ+D.
(2.7)
This superfield contains the auxiliary field D which plays an important role in discussing
vacua of the theory. We then assign U(1) charges QI to Φ
I and qA to Ξ
A.
Now let us write down the Lagrangian of N = (2, 2) gauged linear sigma model on
the (m− 1|n)-dimensional target space. The Lagrangian consists of four parts, which are
the kinetic part of chiral superfields Lkin, the kinetic part of gauge fields Lgauge, the FI
term with the theta parameter LD,θ and the superpotential term LW . Then the total
Lagrangian is the sum of these parts,
L = Lkin + Lgauge + LD,θ + LW . (2.8)
Firstly we study the kinetic part of the chiral superfields. The Lagrangian for these
chiral superfields consists of two parts given by
Lkin = L
b
kin + L
f
kin, (2.9)
where Lbkin and L
f
kin are the Lagrangians for the bosonic chiral superfields Φ
I and for
the fermionic ones ΞA respectively. In the gauged linear sigma model in two dimensions,
the kinetic part of the Lagrangian of bosonic chiral superfields Lbkin is well known [57].
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Calculating Lbkin =
∫
d2θd2θ
∑m
I=1 Φ
I
e2QIV ΦI by the use of (2.3), (2.4) and (2.7), we
obtain the expression in terms of component fields
Lbkin =
∑
I
[
D0φ
I
D0φ
I −D1φID1φI + iψI−(D0 +D1)ψI− + iψ
I
+(D0 −D1)ψI+
+ F
I
F I −
√
2QI(σψ
I
−ψ
I
+ + σψ
I
+ψ
I
−)− i
√
2QIφ
I
(ψI−λ+ − ψI+λ−)
− i
√
2QIφ
I(λ−ψ
I
+ − λ+ψ
I
−) + (QID − 2Q2Iσσ)φ
I
φI
]
,
(2.10)
where Dj and Dj (j = 0, 1) are covariant derivatives described as Dj = ∂j + iQIvj and
Dj = ∂j − iQIvj .
In the same way, we can define the Lagrangian for the fermionic chiral superfields ΞA:
Lfkin =
∫
d2θd2θ
n∑
A=1
Ξ
A
e2qAV ΞA.
Substituting (2.5), (2.6) and (2.7) into this equation, the Lagrangian for ΞA becomes
Lfkin =
∑
A
[
D0ξ
A
D0ξ
A −D1ξAD1ξA + ibA−(D0 +D1)bA− + ib
A
+(D0 −D1)bA+
+ χAχA −
√
2qA(σb
A
−b
A
+ + σb
A
+b
A
−) + i
√
2qAξ
A
(bA−λ+ − bA+λ−)
− i
√
2qAξ
A(λ−b
A
+ − λ+b
A
−) + (qAD − 2q2Aσσ)ξ
A
ξA
]
,
(2.11)
with Dj = ∂j + iqAvj and Dj = ∂j − iqAvj . We should note that the spin of ξ is equal to
zero though ξ is a Grassmann odd field. In this paper, the word “fermionic” often means
merely Grassmann odd.
Secondly we write down the kinetic part of the gauge fields [57]. For this purpose,
it is useful to define field strength Σ of the vector superfield as Σ = (1/
√
2)D+D−V . In
component expansion, it is represented as
Σ = σ + i
√
2θ+λ+ − i
√
2θ
−
λ− +
√
2θ+θ
−
(D − iv01) + iθ−θ−(∂0 − ∂1)σ
− iθ+θ+(∂0 + ∂1)σ −
√
2θ+θ−θ
−
(∂0 − ∂1)λ+ +
√
2θ+θ
−
θ
+
(∂0 + ∂1)λ−
+ θ+θ−θ
−
θ
+
(∂20 − ∂21)σ,
with v01 = ∂0v1 − ∂1v0. This field strength is the twisted chiral superfield and the kinetic
part of the gauge fields is denoted by
Lgauge = − 1
e2
∫
d4θ ΣΣ
=
1
e2
(
1
2
v01
2 +
1
2
D2 + iλ+(∂0 − ∂1)λ+ + iλ−(∂0 + ∂1)λ− − ∂iσ∂iσ
)
, (2.12)
5
where e is a gauge coupling constant.
Thirdly we can introduce the FI term with the theta parameter in the supersymmetric
theory [57]. In terms of t = ir + θ/(2π), the Lagrangian LD,θ becomes
LD,θ =
it
2
√
2
∫
dθ+dθ
−
Σ
∣∣
θ−=θ
+
=0
− it¯
2
√
2
∫
dθ−dθ
+
Σ
∣∣
θ+=θ
−
=0
= −rD + θ
2π
v01. (2.13)
r is called the FI parameter. Note that the theta angle θ has periodicity of 2π in physics
[57].
Next we turn to the superpotential terms constructed by the use of holomorphic
polynomials W (Φ,Ξ) of the chiral superfields. The Lagrangian LW is described as
LW = −1
2
∫
dθ−dθ+W (Φ,Ξ)
∣∣
θ
+
=θ
−
=0
− 1
2
∫
dθ
+
dθ
−
W (Φ,Ξ)
∣∣
θ+=θ−=0
. (2.14)
When the superpotential includes only bosonic chiral superfields, derivatives with respect
to only φ and φ appear [57,61]. On the other hand, we have to pay attention to derivatives
with respect to Grassmann odd variables. When we exchange Grassmann odd variables
one another, there appear extra signs. From now on, we use only left derivatives for
Grassmann odd variables. For example, if the superpotential is a monomial of ΞA with
degree p, W (Φ,Ξ) = ΞA1ΞA2 · · ·ΞAp , then the Lagrangian is calculated from (2.14)
LW = −1
2
∫
dθ−dθ+
(
p∑
i=1
(−1)i−12θ+θ−χAiξA1 · · · ξAi−1ξAi+1 · · · ξAp
+
∑
i<j
(−1)i+j−12θ+θ−(bAi+ bAj− − bAi− bAj+ )ξA1 · · · ξAi−1ξAi+1 · · · ξAj−1ξAj+1 · · · ξAp
)
− 1
2
∫
dθ
+
dθ
−
( p∑
i=1
(−1)i−12ξAp · · · ξAi+1ξAi−1 · · · ξA1χAiθ−θ+
+
∑
i<j
(−1)i+j−12ξAp · · · ξAj+1ξAj−1 · · · ξAi+1ξAi−1 · · · ξA1θ−θ+(bAi+ b
Aj
− − b
Ai
− b
Aj
+ )
)
= −
(
p∑
i=1
χAi
∂
∂ξAi
(ξA1 · · · ξAp) +
p∑
i,j=1
bAi− b
Aj
+
∂
∂ξAi
∂
∂ξAj
(ξA1 · · · ξAp)
)
−
(
p∑
i=1
χAi
∂
∂ξ
Ai
(ξ
Ap · · · ξA1) +
p∑
i,j=1
b
Ai
+ b
Aj
−
∂
∂ξ
Ai
∂
∂ξ
Aj
(ξ
Ap · · · ξA1)
)
.
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If we use only left derivatives for the superpotential of fermionic chiral superfields, we can
apply the same notation as the bosonic case [57]. In the same way, we can evaluate (2.14)
for the general superpotential
LW = −
[(∑
I
F I
∂W (φ, ξ)
∂φI
+
∑
I,J
ψI−ψ
J
+
∂2W (φ, ξ)
∂φI∂φJ
+
∑
A
χA
∂W (φ, ξ)
∂ξA
+
∑
A,B
bA−b
B
+
∂2W (φ, ξ)
∂ξA∂ξB
−
∑
I,A
(ψI+b
A
− − ψI−bA+)
∂2W (φ, ξ)
∂φI∂ξA
)
+
(∑
I
F
I ∂W (φ, ξ)
∂φ
I
+
∑
I,J
ψ
I
+ψ
J
−
∂2W (φ, ξ)
∂φ
I
∂φ
J
+
∑
A
χA
∂W (φ, ξ)
∂ξ
A
+
∑
A,B
b
A
+b
B
−
∂2W (φ, ξ)
∂ξ
A
∂ξ
B
−
∑
I,A
(ψ
I
+b
A
− − ψ
I
−b
A
+)
∂2W (φ, ξ)
∂φ
I
∂ξ
A
)]
.
(2.15)
This Lagrangian provides the interaction terms between the Grassmann even field φ and
the Grassmann odd one ξ. From the viewpoint of the target space geometry, such terms
are associated with a subsupermanifold embedded in the target supermanifold.
3. Phases of classical vacuum and one-loop correction
The structure of the classical vacua of the gauged linear sigma model on the ordinary
bosonic manifold was considered in [57]. This model has two phases. One phase is the
sigma model on Calabi-Yau hypersurfaces in complex projective space for the FI parameter
r ≫ 0. The other is the Landau-Ginzburg theory for r ≪ 0.
In this section, we study the structure of the classical vacua of the U(1) gauged linear
sigma model on the supermanifold. In discussing the vacua, the potential energy of the
dynamical fields φ and ξ is important. We can see this potential from the Lagrangian (2.8)
and it is described as
U =
∑
I
F
I
F I +
∑
A
χAχA + 2|σ|2
(∑
I
Q2I |φI |2 +
∑
A
q2Aξ
A
ξA
)
+
1
2e2
D2. (3.1)
Since F , χ and D are auxiliary fields, we can integrate out them in terms of the equations
of motion:
D = −e2
(∑
I
QI |φI |2 +
∑
A
qAξ
A
ξA − r
)
, (3.2a)
F
I
=
∂W
∂φI
, F I =
∂W
∂φ
I
, (3.2b)
χA = −∂W
∂ξA
, χA =
∂W
∂ξ
A
. (3.2c)
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(3.2b) implies that the superpotential W should be Grassmann even because F and φ
are Grassmann even. This condition is consistent with (3.2c); if the superpotential is
Grassmann odd, the sigma model might be ill-defined. Substituting (3.2) into (3.1), the
potential energy including only φ, ξ and σ is written as
U =
∑
I
∂W
∂φ
I
∂W
∂φI
+
∑
A
∂W
∂ξ
A
∂W
∂ξA
+ 2|σ|2
(∑
I
Q2I |φI |2 +
∑
A
q2Aξ
A
ξA
)
+
e2
2
(∑
I
QI |φI |2 +
∑
A
qAξ
A
ξA − r
)2
.
(3.3)
Let us now analyse the structure of the classical vacua U = 0.
As a first example, we shall consider the case without superpotential. In such a case,
the potential U is evaluated as
U = 2|σ|2
( m∑
I=1
Q2I |φI |2 +
n∑
A=1
q2Aξ
A
ξA
)
+
e2
2
( m∑
I=1
QI |φI |2 +
n∑
A=1
qAξ
A
ξA − r
)2
.
In order for this potential to vanish, we have to impose σ = 0 and(
−D
e2
=
)∑
I
QI |φI |2 +
∑
A
qAξ
A
ξA − r = 0. (3.4)
This equation is usually called the D-flatness condition. For r ≫ 0, there should be positive
charges in QI or qA. For simplicity we set the model with the positive charges QI , qA > 0
for all I and A. Then the condition (3.4) for vacua represents the weighted projective
space WCP
m−1|n
(Q1,Q2,···,Qm|q1,q2,···,qn).
Next we shall consider another example. We introduce a neutral chiral superfield
P with QP = 0 and set the superpotential W = P · G(Φ,Ξ). Here G is a transversal
homogeneous polynomial in the same way as [57]. Then the potential U is written as
U = |p|2
( m∑
I=1
∂G
∂φ
I
∂G
∂φI
+
n∑
A=1
∂G
∂ξ
A
∂G
∂ξA
)
+ |G|2
+ 2|σ|2
( m∑
I=1
Q2I |φI |2 +
n∑
A=1
q2Aξ
A
ξA
)
+
e2
2
( m∑
I=1
QI |φI |2 +
n∑
A=1
qAξ
A
ξA − r
)2
.
(3.5)
In order for this potential to vanish, we have to impose the D-flatness condition (3.4). By
the same analysis in the previous example, for r ≫ 0 there should be positive charges in QI
or qA and we then take the positive charges QI , qA > 0 for all I and A. If p 6= 0, ∂G/∂φI
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and ∂G/∂ξA must vanish simultaneously. Then all φI and ξA become zero because of the
transversality of the superpotential and the D-flatness condition is not satisfied. So the
conditions for the potential energy (3.5) to vanish are realised as
∑
I
QI |φI |2 +
∑
A
qAξ
A
ξA − r = 0, σ = 0, p = 0, G = 0.
They represent the hypersurface G = 0 in WCPm−1|n.
Another intriguing example is the model in which the superpotential W (Φ,Ξ) is fac-
torized as W (Φ,Ξ) = Wb(Φ)Wf (Ξ). Here Wb(Φ) and Wf (Ξ) are respectively transversal
homogeneous polynomials of Φ and Ξ. In order for the last term in (3.3) to vanish, we
should take the D-flatness condition (3.4).
Firstly we consider the case r ≫ 0. Since there should be positive charges in QI or
qA in order for (3.4) to be satisfied, we consider the case that all the charges QI and qA
are positive. From (3.3) and (3.4), the conditions for the potential energy are described as
σ = 0, Wf (ξ)
∂Wb(φ)
∂φI
= 0, Wb(φ)
∂Wf (ξ)
∂ξA
= 0. (3.6)
If ∂Wb/∂φ
I and ∂Wf/∂ξ
A vanish simultaneously, all φI and ξA become zero on account
of transversality of the superpotential. Then the D-flatness condition (3.4) is not satisfied
for r ≫ 0. Hence the solutions of the constraints (3.6) is classified into the following three
cases:
I. Wb = 0, Wf = 0
Since there are the U(1) gauge symmetry, φI → eiQIαφI and ξA → eiqAαξA, and the
symmetry under the scaling by r in (3.4), we can take the identification denoted by
(φ1, φ2, · · · , φm|ξ1, ξ2, · · · , ξn) ∼ (λQ1φ1, λQ2φ2, · · · , λQmφm|λq1ξ1, λq2ξ2, · · · , λqnξn),
where λ ∈ C×. In other words, the vacuum manifold becomes the super weighted
complex projective space WCP
m−1|n
(Q1,Q2,···,Qm|q1,q2,···,qn). The theory is reduced to the
sigma model on the surface given by the equations Wb = 0 and Wf = 0 in this
supermanifold WCP
m−1|n
(Q1,Q2,···,Qm|q1,q2,···,qn).
II.
∂Wf
∂ξA
= 0, Wf = 0
On account of the transversality of the superpotentialWf , the equation ∂Wf/∂ξ
A = 0
leads to ξA = 0 for all A. On the other hand, the bosonic fields φI ’s live on the surface
defined by
∑
I QIφ
I
φI = r. The U(1) gauge symmetry is then completely broken in
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general. But the vacua may have residual gauge symmetry in specific cases. For
example, if all the charges of the fermionic fields ξA’s have the same value, that
is, q1 = q2 = · · · = qm ≡ q, there exists the residual Zq symmetry described as
φI → e2piiQI/qφI . As a result, this theory is reduced to the ordinary (bosonic) Zq
orbifold. This phase is just an analogue of the Landau-Ginzburg orbifold derived
from the ordinary CPm−1 model in [57].
III. ∂Wb
∂φI
= 0, Wb = 0
In this sector, a new feature appears. By the transversality of the superpotential Wb,
the only solution of ∂Wb/∂φ
I = 0 is φI = 0 for all I and (3.4) becomes
∑
A qAξ
A
ξA =
r. It means the sigma model leads to the theory on the quadratic surface given by∑
A qAξ
A
ξA = r in the purely fermionic manifold. When we set Q1 = Q2 = · · · =
Qm ≡ Q, the original U(1) symmetry is reduced to ZQ symmetry in the same way as
the case II and the target space can be regarded as ZQ orbifold.
From the vacuum structures in the cases II and III, there might be a transition between
the models on the bosonic and the fermionic manifolds.
Next we consider the case r ≪ 0. Since some charges in QI and qA should be negative
from (3.4), we assume that all charges are negative, QI , qA < 0, for simplicity. We can
then find the solutions for U = 0 expressed by the equations (3.6). By the same analysis
as the r ≫ 0 case, there are three kinds of solutions for (3.6): the theory on the surface
Wb = 0 = Wf in the super weighted projective space WCP
m−1|n
(Q1,Q2,···,Qm|q1,q2,···,qn), the
theory on the quadratic surface
∑
I QIφ
I
φI = r in the ordinary Grassmann even manifold
and the theory on the quadratic surface
∑
A qAξ
A
ξA = r in the manifold with only the
Grassmann odd coordinates.
In the above analyses, the flip of the sign of FI parameter r is synonymous with the
flip of the sign of all U(1) charges. At any rate, in response to the conditions for the
superpotential, there are the three kinds of classical vacua; the supermanifold WCP, the
pure bosonic manifold and the pure fermionic manifold for this simple example.
3.1. one-loop correction
The D-flatness condition (3.4) has played an important role in studying classical vacua
in the previous discussion. The sigma model receives quantum corrections and we should
analyse quantum properties of the associated vacua. Now we study the one-loop correction
to the D-field. The expectation value of the D-field diverges on account of the correction
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induced by the one-loop diagrams of the fields φ and ξ. From the Lagrangian (2.10), we
can calculate the one-loop correction by φ as
〈
−D
e2
〉bos.
1-loop
=
∑
I
QI
∫
d2k
(2π)2
1
k2 + 2Q2Iσσ
=
1
4π
∑
I
QI log
(
µ2
2Q2Iσσ
)
, (3.7)
where µ is a cut-off parameter. For the purely bosonic manifold [57,62] , the condition for
the one-loop divergence to vanish is
∑m
I=1QI = 0. For example, the model with the charges
(1, 1, · · · , 1,−m+ 1) was considered in [57,62]. On the other hand, the sum ∑mI=1QI for
the weighted projective space WCPm−1(Q1,Q2,···,Qm) is not vanishing and the associated model
is not scale-invariant. Since the first Chern class of this manifold is proportional to the
sum
∑m
I=1QI , the scale invariance means the Calabi-Yau condition for the manifold. For
example, the projective space CPm−1(= WCPm−1(1,1,···,1)) is not a Calabi-Yau manifold.
Next let us see the Grassmann odd fields. The one-loop correction of the Grassmann
odd fields ξA to the expectation value 〈−D/e2〉 becomes
〈
−D
e2
〉fer.
1-loop
= −
∑
A
qA
∫
d2k
(2π)2
1
k2 + 2q2Aσσ
= − 1
4π
∑
A
qA log
(
µ2
2q2Aσσ
)
. (3.8)
Note that it is different from the one-loop result of the bosonic field φ because the Grass-
mann odd field ξ leads to an extra −1 factor.
The total one-loop correction by the dynamical scalar fields φ and ξ is expressed as
the sum of (3.7) and (3.8),
〈
−D
e2
〉
1-loop
=
1
4π
(∑
I
QI −
∑
A
qA
)
logµ2
− 1
4π
[∑
I
QI log(2Q
2
Iσσ)−
∑
A
qA log(2q
2
Aσσ)
]
.
(3.9)
From this equation, it turns out the one-loop divergence vanishes in the situation;
m∑
I=1
QI −
n∑
A=1
qA = 0. (3.10)
If all the charges are positive for the purely bosonic manifold,
∑
I QI does not vanish. But,
for the supermanifold, the cancellation between the bosonic and the fermionic sectors can
be established even if all the charges QI and qA are positive.
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Here we shall consider an example. In our sigma model, the U(1) symmetry and the
rescaling of r provide the identification,
(φ1, · · · , φm|ξ1, · · · , ξn) ∼ (λQ1φ1, · · · , λQmφm|λq1ξ1, · · · , λqnξn), λ ∈ C×. (3.11)
This leads the target space to the super weighted projective space WCP
m−1|n
(Q1,···,Qm|q1,···,qn).
If QI = qA = 1 for all I and A, this target space is reduced to the super complex projective
space CPm−1|n. The condition (3.10) then becomes m−n = 0 and it is consistent with the
Calabi-Yau condition for the supermanifold shown in [48]. Namely CPm−1|m is the Calabi-
Yau supermanifold and in this case the one-loop correction (3.9) is equal to zero. The
Calabi-Yau condition is important in constructing topological theories. Recent progress
on the twistor space was started with the topological B-model on Calabi-Yau CP3|4 in [1].
We return to the expression of the corrected D-field and show that the one-loop
correction is absorbed by the FI parameter. We introduce the effective FI parameter reff
as
reff = r − 1
2π
[(∑
I
QI −
∑
A
qA
)
log
µ√
2|σ| −
∑
I
QI log |QI |+
∑
A
qA log |qA|
]
, (3.12)
and the one-loop corrected D-field from (3.2a) and (3.9) is then described as〈
−D
e2
〉
=
∑
I
QI |φI |2 +
∑
A
qAξ
A
ξA − reff .
For the Calabi-Yau CPm−1|m, (3.12) means that reff is equal to the bare r and is inde-
pendent of σ. For the case of
∑
I QI −
∑
A qA 6= 0, reff absorbs the one-loop correction
depending on the cut-off parameter and then becomes the function of σ.
Now let us study the relation to the dual theory proposed by [48,53]. The FI parameter
and the theta parameter are combined into the parameter t, which appears in the twisted
superpotential W˜ (Σ) = it
2
√
2
Σ with t = ir + θ/(2π),
LD,θ =
it
2
√
2
∫
dθ+dθ
−
Σ+ (h.c.).
By considering the modified reff , we can obtain the corrected twisted superpotential
W˜eff(Σ)
W˜eff(Σ) =
1
2
√
2
Σ
[
it− 1
2π
∑
I
QI log
(√
2QIΣ
µ
)
+
1
2π
∑
A
qA log
(√
2qAΣ
µ
)]
.
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Here we evaluated the loop-correction of this potential, but there is a dual mirror theory
[48,53]. When one introduces twisted (bosonic) chiral superfields YI = Φ
I
ΦI , YA = −ΞAΞA
and pairs of fermionic fields ηA and χA, the corresponding twisted superpotential is defined
as
W˜ = Σ
(∑
I
QIYI −
∑
A
qAYA + it
)
+
1
2π
∑
I
µ√
2
e−2piYI +
1
2π
∑
A
µ√
2
e−2piY˜A ,
where Y˜A = YA + ηAχA. By integrating YI , YA, ηA and χA, the same effective potential
W˜eff is recovered.
Next we shall take the extension of the gauge group to U(1)N = ⊗Na=1U(1)a by
introducing N gauge fields Va (its field strength Σa) (a = 1, 2, · · · , N) with gauge couplings
ea. Matter parts consist of bosonic chiral superfields Φ
Ia (I = 1, 2, · · · , m) and fermionic
chiral superfields ΞAa (A = 1, 2, · · · , n). The associated U(1)a (a = 1, 2, · · · , N) charges
of these fields are defined as QIa for Φ
Ia and qAa for Ξ
Aa. The full action then can be
written down as
L = Lbkin + L
f
kin + Lgauge + LD,θ + LW ,
Lbkin =
∫
d2θd2θ
N∑
a=1
m∑
I=1
Φ
Ia
e2QIaVaΦIa, Lfkin =
∫
d2θd2θ
N∑
a=1
n∑
A=1
Ξ
Aa
e2qAaVaΞAa,
Lgauge = −
N∑
a=1
1
e2a
∫
d4θ ΣaΣa,
LD,θ =
N∑
a=1
ita
2
√
2
∫
dθ+dθ
−
Σa
∣∣
θ−=θ
+
=0
−
N∑
a=1
it¯a
2
√
2
∫
dθ−dθ
+
Σa
∣∣
θ+=θ
−
=0
,
LW = −1
2
∫
dθ−dθ+W (Φ,Ξ)
∣∣
θ
+
=θ
−
=0
− 1
2
∫
dθ
+
dθ
−
W (Φ,Ξ)
∣∣
θ+=θ−=0
.
ta = ira + θa/(2π) (a = 1, 2, · · · , N) is the FI parameter associated with U(1)a gauge
symmetry. By doing the same analyses as the U(1) case, we can obtain D-fields Da’s and
their one-loop corrections
Da = −e2a
(∑
I
QIaφ
Ia
φIa +
∑
A
qAaξ
Aa
ξAa − ra
)
, a = 1, 2, · · · , N,
〈
−Da
e2a
〉
1-loop
=
1
4π
∑
I
QIa log
(
µ2
2Q2Iaσaσa
)
− 1
4π
∑
A
qAa log
(
µ2
2q2Aaσaσa
)
.
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These lead us to corrected FI parameters reff,a (a = 1, 2, · · · , N), and induce twisted
superpotential W˜eff(Σ),
W˜eff(Σ) =
N∑
a=1
1
2
√
2
Σa
[
ita − 1
2π
∑
I
QIa log
(√
2QIaΣa
µ
)
+
1
2π
∑
A
qAa log
(√
2qAaΣa
µ
)]
.
In order to turn a dual mirror theory, we introduce twisted (bosonic) chiral superfields
YIa = Φ
Ia
ΦIa, YAa = −ΞAaΞAa and pairs of fermionic fields ηAa and χAa. The corre-
sponding twisted superpotential in the mirror side is defined as
W˜ =
N∑
a=1
Σa
(∑
I
QIaYIa −
∑
A
qAaYAa + ita
)
+
1
2π
∑
I,a
µ√
2
e−2piYIa +
1
2π
∑
A,a
µ√
2
e−2piY˜Aa ,
where Y˜Aa = YAa + ηAaχAa.
4. Supersymmetric boundary condition
D-branes are realised as the boundaries of open strings and preserve some supersym-
metry. We can find the D-branes in the sigma model by considering the world-sheet with
boundaries.
We shall write down the supersymmetric transformations. By the use of the super
charges (2.2), the generator of the supersymmetric transformation is denoted by
δ = ǫ+Q− − ǫ−Q+ − ǫ+Q− + ǫ−Q+. (4.1)
The transformations for the vector superfield are written in the component fields (2.7) by
[57]
δσ = −i
√
2(ǫ−λ+ + ǫ+λ−), (4.2a)
δσ = −i
√
2(ǫ+λ− + ǫ−λ+), (4.2b)
δ(v0 − v1) = 2i(ǫ−λ− + ǫ−λ−), (4.2c)
δ(v0 + v1) = 2i(ǫ+λ+ + ǫ+λ+), (4.2d)
δD = ǫ+(∂0 − ∂1)λ+ + ǫ−(∂0 + ∂1)λ− − ǫ+(∂0 − ∂1)λ+ − ǫ−(∂0 + ∂1)λ−, (4.2e)
δλ+ =
√
2ǫ−(∂0 + ∂1)σ − ǫ+(v01 − iD), (4.2f)
δλ− =
√
2ǫ+(∂0 − ∂1)σ + ǫ−(v01 + iD), (4.2g)
δλ+ =
√
2ǫ−(∂0 + ∂1)σ − ǫ+(v01 + iD), (4.2h)
δλ− =
√
2ǫ+(∂0 − ∂1)σ + ǫ−(v01 − iD). (4.2i)
14
The transformations for the ordinary bosonic chiral superfield (2.3) become
δφI =
√
2(ǫ+ψ
I
− − ǫ−ψI+), (4.3a)
δψI+ =
√
2ǫ+F
I + i
√
2ǫ−(D0 +D1)φI − 2QIǫ+σφI , (4.3b)
δψI− =
√
2ǫ−F I − i
√
2ǫ+(D0 −D1)φI + 2QIǫ−σφI , (4.3c)
δF I = −i
√
2ǫ+(D0 −D1)ψI+ − i
√
2ǫ−(D0 +D1)ψI−
+ 2QI(ǫ+σψ
I
− + ǫ−σψ
I
+)− 2iQI(ǫ+λ− − ǫ−λ+)φI , (4.3d)
while the bosonic anti-chiral superfield (2.4) are transformed as
δφ
I
= −
√
2(ǫ+ψ
I
− − ǫ−ψ
I
+), (4.4a)
δψ
I
+ =
√
2ǫ+F
I − i
√
2ǫ−(D0 +D1)φ
I − 2QIǫ+σφI , (4.4b)
δψ
I
− =
√
2ǫ−F
I
+ i
√
2ǫ+(D0 −D1)φI + 2QIǫ−σφI , (4.4c)
δF
I
= −i
√
2ǫ+(D0 −D1)ψI+ − i
√
2ǫ−(D0 +D1)ψ
I
−
− 2QI(ǫ+σψI− + ǫ−σψ
I
+)− 2iQI(ǫ+λ− − ǫ−λ+)φ
I
. (4.4d)
We also calculate the supersymmetric transformations for the fermionic chiral superfield
(2.5),
δξA =
√
2(ǫ+b
A
− − ǫ−bA+), (4.5a)
δbA+ =
√
2ǫ+χ
A + i
√
2ǫ−(D0 +D1)ξA − 2qAǫ+σξA, (4.5b)
δbA− =
√
2ǫ−χA − i
√
2ǫ+(D0 −D1)ξA + 2qAǫ−σξA, (4.5c)
δχA = −i
√
2ǫ+(D0 −D1)bA+ − i
√
2ǫ−(D0 +D1)bA−
+ 2qA(ǫ+σb
A
− + ǫ−σb
A
+)− 2iqA(ǫ+λ− − ǫ−λ+)ξA. (4.5d)
These are the analogues of the bosonic chiral superfield (4.3). The supersymmetric trans-
formations for the fermionic anti-chiral superfield (2.6) are given by
δξ
A
=
√
2(ǫ+b
A
− − ǫ−b
A
+), (4.6a)
δb
A
+ = −
√
2ǫ+χ
A + i
√
2ǫ−(D0 +D1)ξ
A
+ 2qAǫ+σξ
A
, (4.6b)
δb
A
− = −
√
2ǫ−χA − i
√
2ǫ+(D0 −D1)ξA − 2qAǫ−σξA, (4.6c)
δχA = i
√
2ǫ+(D0 −D1)bA+ + i
√
2ǫ−(D0 +D1)b
A
−
+ 2qA(ǫ+σb
A
− + ǫ−σb
A
+)− 2iqA(ǫ+λ− − ǫ−λ+)ξ
A
. (4.6d)
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In this calculation, we should note that, though the transformations (4.6) are the analogues
of the ones (4.4) for the bosonic anti-chiral field, some signs in (4.6) are different from the
ones in (4.4). It originates in whether the component fields are commutative or anti-
commutative.
Now we consider the world-sheet Σ = {(x0, x1)|x1 ≥ 0} with the boundary denoted
by ∂Σ = {(x0, x1)|x1 = 0}. After the supersymmetric transformation for the Lagrangian
(2.8), boundary terms are left on ∂Σ. In order for the theory to preserve the supersym-
metry, it is necessary for the boundary terms to vanish. By using (4.2), (4.3), (4.4), (4.5)
and (4.6), let us calculate the variation of the Lagrangian (2.8) under the supersymmetric
transformation (4.1). The variation of the kinetic term of the bosonic chiral superfield
becomes
δLbkin =
∑
I
[
ǫ+(∂0 − ∂1)
{
1
2
√
2
ψI−(D0 +D1)φ
I − 1
2
√
2
φ
I
(D0 +D1)ψ
I
−
− i√
2
ψ
I
+F
I − iQIψI+σφ
I
+QIλ+φ
I
φI
}
+ ǫ−(∂0 + ∂1)
{
− 1
2
√
2
ψI+(D0 −D1)φ
I
+
1
2
√
2
φ
I
(D0 −D1)ψI+
− i√
2
ψ
I
−F
I + iQIψ
I
−σφ
I
+QIλ−φ
I
φI
}
+ ǫ+(∂0 − ∂1)
{
− 1
2
√
2
ψ
I
−(D0 +D1)φ
I +
1
2
√
2
φI−(D0 +D1)ψ
I
−
− i√
2
ψI+F
I − iQIψI+σφI −QIλ+φ
I
φI
}
+ ǫ−(∂0 + ∂1)
{
1
2
√
2
ψ
I
+(D0 −D1)φI −
1
2
√
2
φI(D0 −D1)ψI+
− i√
2
ψI−F
I
+ iQIψ
I
−σφ
I −QIλ−φIφI
}]
,
(4.7)
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while that of the fermionic chiral superfield is
δLfkin =
∑
A
[
ǫ+(∂0 − ∂1)
{
− 1
2
√
2
bA−(D0 +D1)ξ
A
+
1
2
√
2
ξ
A
(D0 +D1)b
A
−
+
i√
2
b
A
+χ
A + iqAb
A
+σξ
A
+ qAλ+ξ
A
ξA
}
+ ǫ−(∂0 + ∂1)
{
1
2
√
2
bA+(D0 −D1)ξ
A − 1
2
√
2
ξ
A
(D0 −D1)bA+
+
i√
2
b
A
−χ
A − iqAbA−σξ
A
+ qAλ−ξ
A
ξA
}
+ ǫ+(∂0 − ∂1)
{
1
2
√
2
b
A
−(D0 +D1)ξ
A − 1
2
√
2
ξA(D0 +D1)b
A
−
+
i√
2
bA+χ
A + iqAb
A
+σξ
A − qAλ+ξAξA
}
+ ǫ−(∂0 + ∂1)
{
− 1
2
√
2
b
A
+(D0 −D1)ξA +
1
2
√
2
ξA(D0 −D1)bA+
+
i√
2
bA−χ
A − iqAbA−σξA − qAλ−ξ
A
ξA
}]
.
(4.8)
The gauge kinetic term is transformed;
δLgauge =
1
e2
[
ǫ+(∂0 − ∂1)
{
− i
2
√
2
λ−(∂0 + ∂1)σ +
i
2
√
2
σ(∂0 + ∂1)λ− +
1
2
(D + iv01)λ+
}
+ ǫ−(∂0 + ∂1)
{
− i
2
√
2
λ+(∂0 − ∂1)σ + i
2
√
2
σ(∂0 − ∂1)λ+ + 1
2
(D − iv01)λ−
}
+ ǫ+(∂0 − ∂1)
{
− i
2
√
2
λ−(∂0 + ∂1)σ +
i
2
√
2
σ(∂0 + ∂1)λ− − 1
2
(D − iv01)λ+
}
+ ǫ−(∂0 + ∂1)
{
− i
2
√
2
λ+(∂0 − ∂1)σ + i
2
√
2
σ(∂0 − ∂1)λ+ − 1
2
(D + iv01)λ−
}]
.
(4.9)
The susy variation for the FI and theta angle terms is written down as
δLD,θ = ǫ+
(
−r + i θ
2π
)
(∂0 − ∂1)λ+ + ǫ−
(
−r − i θ
2π
)
(∂0 + ∂1)λ−
+ ǫ+
(
r + i
θ
2π
)
(∂0 − ∂1)λ+ + ǫ−
(
r − i θ
2π
)
(∂0 + ∂1)λ−.
(4.10)
Using the left derivative for ∂/∂ξ and ∂/∂ξ, we can represent the transformation for the
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superpotential as
δLW = i
√
2
[
ǫ+(∂0 − ∂1)
(∑
I
ψ
I
+
∂W (φ, ξ)
∂φ
I
−
∑
A
b
A
+
∂W (φ, ξ)
∂ξ
A
)
+ ǫ−(∂0 + ∂1)
(∑
I
ψ
I
−
∂W (φ, ξ)
∂φ
I
−
∑
A
b
A
−
∂W (φ, ξ)
∂ξ
A
)
+ ǫ+(∂0 − ∂1)
(∑
I
ψI+
∂W (φ, ξ)
∂φI
+
∑
A
bA+
∂W (φ, ξ)
∂ξA
)
+ ǫ−(∂0 + ∂1)
(∑
I
ψI−
∂W (φ, ξ)
∂φI
+
∑
A
bA−
∂W (φ, ξ)
∂ξA
)]
.
(4.11)
Following the supersymmetric transformation (4.1), we decompose the boundary terms
induced by the variation of the action S =
∫
Σ
d2xL as
δS = −
∫
∂Σ
dx0(ǫ+L+ − ǫ−L− − ǫ+L+ + ǫ−L−). (4.12)
The components L± and L± are summarised in appendix A, where the auxiliary fields
F , χ and D are explicitly included. Integrating out these auxiliary fields in terms of the
equations of motion (3.2), we obtain
L+ =−
∑
I
(
1
2
√
2
ψI−(D0 +D1)φ
I − 1
2
√
2
φ
I
(D0 +D1)ψ
I
− − iQIψI+σφ
I
)
+
∑
A
(
1
2
√
2
bA−(D0 +D1)ξ
A − 1
2
√
2
ξ
A
(D0 +D1)b
A
− − iqAbA+σξ
A
)
+
i
2
√
2e2
(
λ−(∂0 + ∂1)σ − σ(∂0 + ∂1)λ−
)− Tλ+
− i√
2
(∑
I
ψ
I
+
∂W (φ, ξ)
∂φ
I
−
∑
A
b
A
+
∂W (φ, ξ)
∂ξ
A
)
,
(4.13)
L− =
∑
I
(
1
2
√
2
ψI+(D0 −D1)φ
I − 1
2
√
2
φ
I
(D0 −D1)ψI+ − iQIψI−σφ
I
)
−
∑
A
(
1
2
√
2
bA+(D0 −D1)ξ
A − 1
2
√
2
ξ
A
(D0 −D1)bA+ − iqAbA−σξ
A
)
+
i
2
√
2e2
(
λ+(∂0 − ∂1)σ − σ(∂0 − ∂1)λ+
)− Tλ−
− i√
2
(∑
I
ψ
I
−
∂W (φ, ξ)
∂φ
I
−
∑
A
b
A
−
∂W (φ, ξ)
∂ξ
A
)
,
(4.14)
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L+ =−
∑
I
(
1
2
√
2
ψ
I
−(D0 +D1)φ
I − 1
2
√
2
φI(D0 +D1)ψ
I
− + iQIψ
I
+σφ
I
)
+
∑
A
(
1
2
√
2
b
A
−(D0 +D1)ξ
A − 1
2
√
2
ξA(D0 +D1)b
A
− + iqAb
A
+σξ
A
)
− i
2
√
2e2
(
λ−(∂0 + ∂1)σ − σ(∂0 + ∂1)λ−
)−Tλ+
+
i√
2
(∑
I
ψI+
∂W (φ, ξ)
∂φI
+
∑
A
bA+
∂W (φ, ξ)
∂ξA
)
,
(4.15)
L− =
∑
I
(
1
2
√
2
ψ
I
+(D0 −D1)φI −
1
2
√
2
φI(D0 −D1)ψI+ + iQIψ
I
−σφ
I
)
−
∑
A
(
1
2
√
2
b
A
+(D0 −D1)ξA −
1
2
√
2
ξA(D0 −D1)bA+ + iqAb
A
−σξ
A
)
− i
2
√
2e2
(
λ+(∂0 − ∂1)σ − σ(∂0 − ∂1)λ+
)− Tλ−
+
i√
2
(∑
I
ψI−
∂W (φ, ξ)
∂φI
+
∑
A
bA−
∂W (φ, ξ)
∂ξA
)
,
(4.16)
where T is defined as
T ≡ 1
2
(∑
I
QIφ
I
φI +
∑
A
qAξ
A
ξA − r
)
+ i
(
v01
2e2
+
θ
2π
)
.
We can consider two types of the supersymmetric boundary conditions. One is called the
A-type boundary condition, which is defined by
ǫ+ = ηǫ−, ǫ− = ηǫ+,
where η ≡ ±1. This boundary condition is then satisfied by
ηL+ + L− = 0, ηL− + L+ = 0 on ∂Σ. (4.17)
The other is the B-type boundary condition defined by
ǫ+ = ηǫ−, ǫ+ = ηǫ−,
and the B-type boundary condition is realised when
ηL+ −L− = 0, ηL+ − L− = 0 on ∂Σ. (4.18)
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When we look at the fields λ±, λ±, σ and σ in (4.17) and (4.18), we can read the boundary
conditions for the vector superfield; Dirichlet type on ∂Σ for the A-type boundary. For
the B-type case, when we switch off the theta parameter θ = 0, Σ = Σ on ∂Σ is obtained.
Especially these mean λ+ + ηλ− = 0 and λ− + ηλ+ = 0 for the A-type case. On the other
hand, the B-type case leads us to λ+ − ηλ− = 0 and λ+ − ηλ = 0 with θ = 0.
The loci of φ and ξ satisfying (4.17) and (4.18) are regarded as the A-brane and the
B-brane respectively. In the ordinary sigma model with only the bosonic chiral superfields,
such D-branes were analysed in the e2 →∞ limit in [59,60].
4.1. e2 →∞ limit
We shall consider the boundary conditions in the e2 → ∞ limit of the gauged linear
sigma model on the supermanifold. In this limit, dynamics of fields in the gauge multiplet
is fixed by equations of motion and this theory is reduced to the nonlinear sigma model,
so that the geometry of the target space can be analysed. The equations of motion for λ±
and λ±, are calculated as
∑
I
QIφ
I
ψI− −
∑
qAξ
A
bA− = 0,
∑
I
QIφ
I
ψI+ −
∑
qAξ
A
bA+ = 0,
∑
I
QIφ
Iψ
I
− −
∑
qAξ
Ab
A
− = 0,
∑
I
QIφ
Iψ
I
+ −
∑
qAξ
Ab
A
+ = 0.
(4.19)
If we introduce K(φ, ξ) ≡∑I Q2IφIφI +∑A q2AξAξA, the equations of motion for σ and σ
are described as
σ = −
∑
I QIψ
I
−ψ
I
+ +
∑
A qAb
A
−b
A
+√
2K(φ, ξ)
, σ = −
∑
I QIψ
I
+ψ
I
− +
∑
A qAb
A
+b
A
−√
2K(φ, ξ)
. (4.20)
Substituting these equations into the interaction terms −2σσ
(∑
I Q
2
Iφ
I
φI+
∑
A q
2
Aξ
A
ξA
)
in the Lagrangian Lbkin + L
f
kin, we obtain expression of the interaction terms
− 1
K(φ, ξ)
[∑
I,J
QIQJψ
I
−ψ
I
+ψ
J
+ψ
J
− +
∑
A,B
qAqBb
A
−b
A
+b
B
+b
B
−
+
∑
I,A
QIqA
(
ψ
I
−ψ
I
+b
A
+b
A
− + ψ
I
+ψ
I
−b
A
−b
A
+
)]
.
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These terms are the analogues of the four fermi interaction term Ri¯jk¯lψ
i¯ψjψk¯ψl in the non-
linear sigma model on the ordinary bosonic manifold. We can also evaluate the equations
of motion for the gauge fields v0 and v1 in this limit;
2v0K(φ, ξ) =
∑
I
QI
[
i
(
φ
I
∂0φ
I − φI∂0φI
)
+ ψ
I
+ψ
I
+ + ψ
I
−ψ
I
−
]
+
∑
A
qA
[
i
(
ξ
A
∂0ξ
A + ξA∂0ξ
A
)
+ b
A
+b
A
+ + b
A
−b
A
−
]
,
2v1K(φ, ξ) =
∑
I
QI
[
i
(
φ
I
∂1φ
I − φI∂1φI
)
+ ψ
I
+ψ
I
+ − ψ
I
−ψ
I
−
]
+
∑
A
qA
[
i
(
ξ
A
∂1ξ
A + ξA∂1ξ
A
)
+ b
A
+b
A
+ − b
A
−b
A
−
]
.
(4.21)
Now let us consider the A-type and the B-type boundary conditions, which are denoted
by (4.17) and (4.18) respectively, in the e2 →∞ limit.
A-type boundary condition
Substituting (4.13), (4.14), (4.15) and (4.16) into (4.17), the A-type boundary condi-
tion is read as
∑
I
(
−ηψI−(D0 +D1)φ
I
+ ψ
I
+(D0 −D1)φI
)
+
∑
A
(
ηbA−(D0 +D1)ξ
A − bA+(D0 −D1)ξA
)
=
√
2T (λ− + ηλ+)− i
[∑
I
(
ψI−
∂W
∂φI
− ηψI+
∂W
∂φ
I
)
+
∑
A
(
bA−
∂W
∂ξA
+ ηb
A
+
∂W
∂ξ
A
)]
, (4.22a)
∑
I
(
−ηψI+(D0 −D1)φ
I
+ ψ
I
−(D0 +D1)φ
I
)
+
∑
A
(
ηbA+(D0 −D1)ξ
A − bA−(D0 +D1)ξA
)
= −
√
2T (λ+ + ηλ−) + i
[∑
I
(
ψI+
∂W
∂φI
− ηψI−
∂W
∂φ
I
)
+
∑
A
(
bA+
∂W
∂ξA
+ ηb
A
−
∂W
∂ξ
A
)]
. (4.22b)
We shall show a simple solution satisfying the A-type boundary condition (4.22). We
assume that on the boundary ∂Σ
λ+ + ηλ− = 0, λ− + ηλ+ = 0, (4.23)
and put the boundary conditions for ψI and bA,
ηψI− − ψ
I
+ = 0, ηb
A
− − b
A
+ = 0. (4.24)
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They lead to the constraints for the superpotential on ∂Σ,
∂W
∂φI
− ∂W
∂φ
I
= 0,
∂W
∂ξA
+
∂W
∂ξ
A
= 0. (4.25)
By the use of (4.19), (4.23), (4.24) and (4.25), the gauge fields are eliminated from the
boundary conditions (4.22) and these conditions are reduced to∑
I
[
ηψI−(∂0 + ∂1)φ
I − ψI+(∂0 − ∂1)φI
]
−
∑
A
[
ηbA−(∂0 + ∂1)ξ
A − bA+(∂0 − ∂1)ξA
]
= 0,(4.26a)
∑
I
[
ηψI+(∂0 − ∂1)φ
I − ψI−(∂0 + ∂1)φI
]
−
∑
A
[
ηbA+(∂0 − ∂1)ξ
A − bA−(∂0 + ∂1)ξA
]
= 0.(4.26b)
Under the constraint (4.24) , the equations (4.26) can be satisfied by (∂0+∂1)φ = (∂0−∂1)φ
and (∂0 + ∂1)ξ = (∂0 − ∂1)ξ. Namely, we can take
∂0(ℑφI) = 0, ∂1(ℜφI) = 0, (4.27)
for the bosonic coordinates φI in the target space, and
∂0(ℑξA) = 0, ∂1(ℜξA) = 0, (4.28)
for the fermionic coordinates ξA. From (4.27), the Dirichlet boundary conditions are
imposed on real m-dimensional boundaries in the complex m-dimensional bosonic part of
the target supermanifold. This bosonic part of D-brane with half of the dimensions of
the target manifold should correspond to the A-brane on the Lagrangian submanifold in
the ordinary sigma model. In the same way, since the Dirichlet boundary conditions are
imposed on the boundaries with half of the dimensions of the Grassmann odd part of the
target supermanifold, (4.28) implies the existence of the fermionic A-brane.
We discussed the simple condition denoted by (4.24), (4.25), (4.27) and (4.28) . In
the setting of our model, there are indices of flavours “I” and “A”. If several U(1) charges
QI ’s and qA’s have a same value, we can mix the corresponding fields ψ
I and ξA. If we
put QI = qA for all I and A, then we can present a more general boundary condition on
the boundary ∂Σ;
ηψI− =M
I
Jψ
J
+ + F
I
Bb
B
+, ηb
A
− = G
A
Jψ
J
+ +N
A
Bb
B
+,
∂W
∂φJ
MJ I +
∂W
∂ξA
GAI − ∂W
∂φ
I
= 0,
∂W
∂φI
F IA +
∂W
∂ξB
NBA +
∂W
∂ξ
A
= 0,
∂0(φI − φJMJI + ξAGAI) = 0, ∂1(φI + φJMJI − ξAGAI) = 0,
∂0(ξA + φJF
J
A − ξBNBA) = 0, ∂1(ξA − φJF JA + ξBNBA) = 0.
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M andN are Grassmann even, while F and G are Grassmann odd. The previous discussion
corresponds to the case with M IJ = δ
I
J , N
A
B = δ
A
B and F
I
B = G
A
J = 0.
B-type boundary condition
First we consider B-type boundary conditions with the theta parameter θ = 0. By the
use of (4.13), (4.14), (4.15) and (4.16), the B-type boundary conditions (4.18) are rewritten
in the e2 →∞ limit,
∑
I
(
ηψI−(D0 +D1)φ
I
+ ψI+(D0 −D1)φ
I
)
+
∑
A
(
−ηbA−(D0 +D1)ξ
A − bA+(D0 −D1)ξ
A
)
= −i
[∑
I
(
ηψ
I
+ − ψ
I
−
)∂W
∂φ
I
−
∑
A
(
ηb
A
+ − b
A
−
)∂W
∂ξ
A
]
, (4.29a)
∑
I
(
−ηψI−(D0 +D1)φI − ψ
I
+(D0 −D1)φI
)
+
∑
A
(
ηb
A
−(D0 +D1)ξ
A + b
A
+(D0 −D1)ξA
)
= −i
[∑
I
(
ηψI+ − ψI−
)∂W
∂φI
+
∑
A
(
ηbA+ − bA−
)∂W
∂ξA
]
. (4.29b)
In order to show a simple solution, we assume that
ηλ+ − λ− = 0, ηλ+ − λ− = 0.
Then the conditions (4.29) are reduced by (4.19) to
∑
I
[
(ψI+ + ηψ
I
−)∂0φ
I − (ψI+ − ηψI−)∂1φ
I
]
−
∑
A
[
(bA+ + ηb
A
−)∂0ξ
A − (bA+ − ηbA−)∂1ξ
A
]
= −i
[∑
I
(ηψ
I
+ − ψ
I
−)
∂W
∂φ
I
−
∑
A
(ηb
A
+ − b
A
−)
∂W
∂ξ
A
]
, (4.30a)
∑
I
[
(ψ
I
+ + ηψ
I
−)∂0φ
I − (ψI+ − ηψ
I
−)∂1φ
I
]
−
∑
A
[
(b
A
+ + ηb
A
−)∂0ξ
A − (bA+ − ηb
A
−)∂1ξ
A
]
= i
[∑
I
(ηψI+ − ψI−)
∂W
∂φI
+
∑
A
(ηbA+ − bA−)
∂W
∂ξA
]
. (4.30b)
We can choose the boundary condition, ψI+ + ηψ
I
− = 0 or ψ
I
+ − ηψI− = 0, in the bosonic
part. When ψI+ + ηψ
I
− = 0, the conditions for φ and W are led to
∂1φ
I = ∂1φ
I
= 0,
∂W
∂φI
=
∂W
∂φ
I
= 0. (4.31)
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These are interpreted as Neumann boundary condition. On the other hand, if ψI+−ηψI− =
0, we then obtain on the boundary ∂Σ,
∂0φ
I = ∂0φ
I
= 0, (4.32)
and this corresponds to Dirichlet boundary condition. In the same way, we can consider
the fermionic part of (4.30). When we impose bA+ + ηb
A
− = 0, the boundary condition
becomes
∂1ξ
A = ∂1ξ
A
= 0,
∂W
∂ξA
=
∂W
∂ξ
A
= 0, (4.33)
and these correspond to Neumann boundary condition. When bA+ − ηbA− = 0, we obtain
the Dirichlet boundary condition;
∂0ξ
I = ∂0ξ
I
= 0. (4.34)
As mentioned above, we can impose Dirichlet or Neumann boundary condition on
each bosonic and fermionic coordinate. Since both of the real and the imaginary parts
of φ and ξ must satisfy the same condition from (4.32) and (4.34), there exists a B-
brane which should be a D-brane wrapping on the complex submanifold in the target
supermanifold. In other words, by imposing the Dirichlet condition on appropriate bosonic
and fermionic coordinates, we can obtain fermionic B-branes and super-B-branes as well as
the bosonic B-branes on the subsupermanifold. This subsupermanifold might be regarded
as a supersymmetric cycle in the supermanifold.
We can also write down a general condition for the B-type boundary. We introduce
Grassmann even matrices, M˜ and N˜ , and Grassmann odd matrices, F˜ and G˜. The B-type
boundary condition is reduced to
ηψI− = M˜
I
Jψ
J
+ + F˜
I
Bb
B
+, ηb
A
− = G˜
A
Jψ
J
+ + N˜
A
Bb
B
+,
∂0[φJ (δ
J
I + M˜
∗J
I) + ξAG˜
∗A
I ] = 0, ∂0[ξB(δ
B
A + N˜
∗B
A)− φI F˜ ∗IA] = 0,
∂1[φJ (δ
J
I − M˜∗JI)− ξAG˜∗AI ] = 0, ∂1[ξB(δBA − N˜∗BA) + φI F˜ ∗IA] = 0,
∂W
∂φJ
(δJ I − M˜J I) + ∂W
∂ξA
G˜AI = 0,
∂W
∂ξB
(δBA − N˜BA)− ∂W
∂φI
F˜ IA = 0.
(4.35)
When M˜ = N˜ = −1, the Neumann boundary conditions (4.31) and (4.33) are reproduced.
On the other hand, the Dirichlet boundary conditions (4.32) and (4.34) are reproduced
when M˜ = N˜ = 1. The general B-type boundary condition (4.35) implies the existence of
the D-branes embedded transversally in the supermanifold.
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Finally we make a comment on the role of the theta parameter in the B-type case.
By the use of (4.21), the field strength v01 = ∂0v1 − ∂1v0 is written as
v01 =
i
K
∑
I
QI(D
B
0 φ
I
DB1 φ
I −DB1 φ
I
DB0 φ
I) +
i
K
∑
A
qA(D
B
0 ξ
A
DB1 ξ
A −DB1 ξ
A
DB0 ξ
A)
+ (∂0 − ∂1)
[
1
K
(∑
I
QIψ
I
+ψ
I
+ +
∑
A
qAb
A
+b
A
+
)]
− (∂0 + ∂1)
[
1
K
(∑
I
QIψ
I
−ψ
I
− +
∑
A
qAb
A
−b
A
−
)]
.
Here we introduced a new vector potential vBi and its covariant derivatives given by
2vB0 K(φ, ξ) =
∑
I
iQI
(
φ
I
∂0φ
I − φI∂0φI
)
+
∑
A
iqA
(
ξ
A
∂0ξ
A + ξA∂0ξ
A
)
,
2vB1 K(φ, ξ) =
∑
I
iQI
(
φ
I
∂1φ
I − φI∂1φI
)
+
∑
A
iqA
(
ξ
A
∂1ξ
A + ξA∂1ξ
A
)
,
DBi φ
I = (∂i + iQIv
B
i )φ
I , DBi ξ
A = (∂i + iqAv
B
i )ξ
A.
This field strength v01 induces the theta-term Lθ and boundary theta-term Lbdy,θ
Sθ =
∫
Σ
d2xLθ +
∫
∂Σ
dx0Lbdy,θ,
Lθ =
θ
2π
[
i
K
∑
I
QI
(
DB0 φ
I
DB1 φ
I −DB1 φ
I
DB0 φ
I
)
+
i
K
∑
A
qA
(
DB0 ξ
A
DB1 ξ
A −DB1 ξ
A
DB0 ξ
A
)]
,
Lbdy,θ =
θ
2π
[
1
K
(∑
I
QIψ
I
+ψ
I
+ +
∑
A
qAb
A
+b
A
+
)
+
1
K
(∑
I
QIψ
I
−ψ
I
− +
∑
A
qAb
A
−b
A
−
)]
.
Then Lθ is interpreted as an effect of an antisymmetric tensor field B. This field is
combined with the Ka¨hler form and complexifies the Ka¨hler parameter of the nonlinear
sigma model. The boundary term Lbdy,θ is interpreted as a kind of (supersymmetric version
of) θ2pi
∫
∂Σ
dx0v0. When we take B-type boundary condition on ∂Σ, Lbdy,θ is represented
by σ and σ; Sbdy,θ =
θ
2pi
∫
∂Σ
dx0 η√
2
(σ+σ). That is consistent with the fact that the vector
potential V is reduced to V = 2θθ(v0 +
η√
2
(σ + σ)) on the boundary.
Next we shall study the effect of the theta parameter in the context of gauged linear
sigma model. For simplicity, we put the potential W = 0. The bulk action changes under
the supersymmetric transformation. But the resulting boundary terms in the B-type can
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be cancelled by adding boundary action Sbdy =
∫
∂Σ
dx0Lbdy to the bulk action Sbulk. We
introduce total action Stot by combining Sbulk and Sbdy
Stot =
∫
Σ
d2xLbulk +
∫
∂Σ
dx0Lbdy,
Lbdy =
1
4
∂1
(∑
I
φ
I
φI +
∑
A
ξ
A
ξA − 1
e2
σσ
)
+
iη
2
∑
I
(
ψ
I
−ψ
I
+ − ψ
I
+ψ
I
−
)
+
iη
2
∑
A
(
b
A
−b
A
+ − b
A
+b
A
−
)− iη√
2
(Tσ − Tσ).
Then Stot is invariant under the supersymmetric transformations δStot = 0. The theta
parameter appears in T and T and the associated term − iη√
2
∫
∂Σ
dx0(Tσ−Tσ) is rewritten
as
− iη√
2
∫
∂Σ
dx0(Tσ − Tσ) = θ
2π
∫
∂Σ
dx0
η√
2
(σ + σ) + · · · .
This boundary term reflects the effect of the theta parameter θ. That is consistent with
the above consideration.
5. Some extensions
In this section, we discuss two extensions of previous models on supermanifolds. The
one is the non-abelian extension of the gauge group and the other is the (0, 2) supersym-
metric model.
5.1. the model with non-abelian gauge symmetry
We consider an N = 2 supersymmetric non-abelian gauge theory in two dimensions.
The supersymmetry is generated by supercharges Q± and Q± defined by (2.2). In order to
construct the non-abelian gauge theory, we introduce a vector superfield V which consists
of gauge multiplets. It is a Lie algebra valued superfield and can be expressed by component
fields in Wess-Zumino gauge in the same fashion of (2.7). Here the lowest components vi
(i = 0, 1) are vector potentials of non-abelian gauge field and its field strength is defined as
v01 = ∂0v1 − ∂1v0 + i[v0, v1]. Using this vector superfield and the super derivatives (2.1),
we can define covariant derivatives D± and D± as
D± = e−VD±e+V , D± = e+VD±e−V .
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D− and D+ are described concretely in component expansion as
D− = ∂
∂θ−
− iθ−∂− + V−, D+ = − ∂
∂θ+
+ iθ+∂+ + V+,
V− = θ−v− −
√
2θ
+
σ + 2iθ+θ
−
λ− + 2iθ+θ
+
λ+ − 2iθ−θ+λ−
− θ+θ−θ+
(
2D − i∂−v+ + 1
2
[v−, v+]− [σ, σ]
)
− i
√
2θ−θ
−
θ
+
(D0 −D1)σ − 2θ+θ−θ−θ+
(
(D0 −D1)λ+ + i
√
2[σ, λ−]
)
,
V+ = −θ+v+ +
√
2θ−σ − 2iθ+θ−λ+ − 2iθ+θ−λ+ − 2iθ−θ−λ−
+ θ+θ−θ
−
(
−2D − i∂+v− + 1
2
[v+, v−]− [σ, σ]
)
+ i
√
2θ+θ−θ
+
(D0 +D1)σ − 2θ+θ−θ−θ+
(
(D0 +D1)λ− + i
√
2[σ, λ+]
)
,
where ∂± = ∂0 ± ∂1 and v± = v0 ± v1. Dj (j = 0, 1) is an ordinary gauge covariant
derivative. Then the gauge invariant field strength Σ is constructed by D− and D+, so
that in component expansion
Σ =
1
2
√
2
{D+,D−}
= σ + i
√
2θ+λ+ − i
√
2θ
−
λ− +
√
2θ+θ
−
(D − iv01)
+ iθ−θ
−
(D0 −D1)σ − iθ+θ+(D0 +D1)σ −
√
2θ+θ−θ
−(
(D0 −D1)λ+ + i
√
2[σ, λ−]
)
+
√
2θ+θ
−
θ
+(
(D0 +D1)λ− + i
√
2[σ, λ+]
)
− θ+θ−θ−θ+(DmDmσ + [σ, [σ, σ]] + i[∂mvm, σ]).
It is a twisted chiral superfield and the Lagrangian for this gauge multiplet is denoted by
Lgauge = − 1
e2
∫
d4θ TrΣΣ
=
1
e2
Tr
(
−DiσDiσ − 1
2
[σ, σ]2 +
1
2
(D2 + v201)
+
i
2
(λ+D−λ+ −D−λ+ · λ+ + λ−D+λ− −D+λ− · λ−)
+
√
2[σ, λ−]λ+ −
√
2λ+[σ, λ−]
)
.
(5.1)
One more possible term is the FI term LD,θ,
LD,θ =
it
2
√
2
∫
dθ+dθ
−
TrΣ
∣∣∣∣
θ−=θ
+
=0
− it¯
2
√
2
∫
dθ−dθ
+
TrΣ
∣∣∣∣
θ+=θ
−
=0
= Tr
(
−rD + θ
2π
v01
)
.
(5.2)
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Here we pick up the trace part of Σ in constructing LD,θ and consider only diagonal U(1)
part in LD,θ. This term is gauge invariant and characterised by the theta parameter θ and
the FI parameter r of this diagonal U(1).
The supersymmetric transformations for the vector superfield are represented in com-
ponent fields
δσ = −i
√
2(ǫ−λ+ + ǫ+λ−), δσ = −i
√
2(ǫ+λ− + ǫ−λ+),
δ(v0 − v1) = 2i(ǫ−λ− + ǫ−λ−), δ(v0 + v1) = 2i(ǫ+λ+ + ǫ+λ+),
δD = ǫ+((D0 −D1)λ+ + i
√
2[σ, λ−]) + ǫ−((D0 +D1)λ− + i
√
2[σ, λ+])
− ǫ+((D0 −D1)λ+ + i
√
2[σ, λ−])− ǫ−((D0 +D1)λ− + i
√
2[σ, λ+]),
δλ+ = iǫ+(D + iv01 + [σ, σ]) +
√
2ǫ−(D0 +D1)σ,
δλ− = iǫ−(D − iv01 − [σ, σ]) +
√
2ǫ+(D0 −D1)σ,
δλ+ = −iǫ+(D − iv01 + [σ, σ]) +
√
2ǫ−(D0 +D1)σ,
δλ− = −iǫ−(D + iv01 − [σ, σ]) +
√
2ǫ+(D0 −D1)σ.
Next we consider matter parts of this theory. We here use the bosonic chiral and
anti-chiral superfields (2.3) and (2.4), and their fermionic counter parts (2.5) and (2.6).
The kinetic terms for these chiral superfields are evaluated as
Lbkin =
∫
d2θd2θ
∑
I
Φ
I
e2V ΦI
=
∑
I
[
−(DjφI)(DjφI) + F IF I − φI{σ, σ}φI + φIDφI
+
i
2
(
ψ
I
+D−ψ
I
+ − (D−ψ
I
+)ψ
I
+
)
+
i
2
(
ψ
I
−D+ψ
I
− − (D+ψ
I
−)ψ
I
−
)
+ i
√
2φ
I
(λ+ψ
I
− − λ−ψI+)− i
√
2(ψ
I
−λ+ − ψ
I
+λ−)φ
I
−
√
2(ψ
I
−σψ
I
+ + ψ
I
−σψ
I
−)
]
(5.3)
for the bosonic chiral superfields. In the same way, we obtain the kinetic term of the
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fermionic chiral superfields,
Lfkin =
∫
d2θd2θ
∑
A
Ξ
A
e2V ΞA
=
∑
A
[
−(DjξA)(DjξA) + χAχA − ξA{σ, σ}ξA + ξADξA
+
i
2
(
b
A
+D−b
A
+ − (D−b
A
+)b
A
+
)
+
i
2
(
b
A
−D+b
A
− − (D+b
A
−)b
A
−
)
+ i
√
2ξ
A
(λ+b
A
− − λ−bA+)− i
√
2(b
A
−λ+ − b
A
+λ−)ξ
A
−
√
2(b
A
−σb
A
+ + b
A
+σb
A
−)
]
.
(5.4)
With the terms described in (5.1), (5.2), (5.3) and (5.4), we can construct the action of
this theory
L = Lgauge + LD,θ + L
b
kin + L
f
kin.
It has N = 2 supersymmetry generated by (2.2).
Now let us consider a concrete example of this non-abelian model. We set that the
gauge group G = U(N) and take the bosonic chiral superfields ΦIk and the fermionic chiral
superfields ΞAk (k = 1, 2, · · · , N ; I = 1, 2, · · · , m;A = 1, 2, · · · , n). Here the index k labels
the N dimensional representation of G. Also the global symmetry labelled by indices I
and A commute with the action of G. The potential of this model is determined by LU ,
LU =
1
2e2
TrD2 − rTrD +
∑
I
φ
I
DφI +
∑
A
ξ
A
DξA
− 1
2e2
Tr[σ, σ]2 −
∑
I
φ
I{σ, σ}φI −
∑
A
ξ
A{σ, σ}ξA.
By eliminating the D-field, the potential U can be read
U =
e2
2
N∑
k,l=1
[∑
I
φ
I
kφ
I l +
∑
A
ξ
A
kξ
Al − rδkl
][∑
I
φ
I
lφ
Ik +
∑
A
ξ
A
lξ
Ak − rδlk
]
+
1
2e2
Tr[σ, σ]2 +
∑
I
φ
I{σ, σ}φI +
∑
A
ξ
A{σ, σ}ξA.
(5.5)
The space of classical vacua is determined by a vanishing locus of U up to gauge transfor-
mation. The action of G can be regarded as the transformation of the direct product Y of
N Cm|n’s. The first term in the potential (5.5) is the square of the moment map for the
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action of U(N) on Y . From the constraint U = 0, σ must vanish to describe the classical
vacua and φIk and ξAk must satisfy constraints
− 1
e2
Dlk =
∑
I
(φ
I
)k(φ
I)l +
∑
A
(ξ
A
)k(ξ
A)l − rδkl = 0, k, l = 1, 2, · · · , N. (5.6)
It means that the vectors in Cm|n represented by the rows (φIk, ξAk) (k = 1, 2, · · · , N)
divided by
√
r are orthonormal. That is to say, the space of classical vacua is the gauge
invariant subspace of Y characterised by above orthonormal vectors. When we restrict
ourselves to the bosonic sector by putting ξAk = 0, this subspace (classical vacua) turns
out to be the Grassmannian Gr(N,m).
5.2. quantum property of the non-abelian model
The classical vacua are determined by the D-flatness condition (5.6) for r ≫ 0. It
requires that the fields φI and ξA have vacuum expectation values. We discuss the quantum
correction for D-field at the one-loop level. From the quantum effects, the operator Olk =∑
I φ
I
kφ
I l +
∑
A ξ
A
kξ
Al can have an expectation value. If it is equal to rδk
l, Dlk can
vanish even though φI and ξA do not have any expectation values. In such a case, one
could obtain vacua from U = 0. We shall study this situation here.
We shall evaluate the expectation values of Dlk by performing the loop calculation
about φI and ξA. In free field approximation, the mass terms for φI and ξA are written as
∑
I
φ
I{σ, σ}φI +
∑
A
ξ
A{σ, σ}ξA.
In terms of this approximation for φ and ξ, we can evaluate the expectation value of O
with a cut-off parameter µ,
〈O〉1-loop =
n∑
I=1
∫
d2k
(2π)2
1
k2 + {σ, σ} −
m∑
A=1
∫
d2k
(2π)2
1
k2 + {σ, σ}
= − 1
4π
(m− n) log
({σ, σ}
2µ2
)
.
If m − n is equal to zero, the quantum effect vanishes at least in this approximation. For
m− n 6= 0, we have to analyse the D-flatness condition expressed as
− 1
4π
(m− n) log
({σ, σ}
2µ2
)
− r = 0,
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or equivalently
{σ, σ} = 2µ2 exp
(
− 4πr
m− n
)
. (5.7)
In order to discuss vacua, we have to consider another condition Tr[σ, σ]2 = 0 from the
potential U = 0. Here we may put [σ, σ] = 0 to describe the vacua and rewrite (5.7) as
σσ = µ2 exp
( −4πr
m− n
)
.
It means that σ = σ0µ exp(−2πr/(m− n)) with a unitary matrix σ0. This expectation
value of σ gives a positive mass squared to the φI and ξA and these fields have zero
expectation values.
5.3. (0, 2) model
In this subsection, we consider (0, 2) supersymmetric model with abelian gauge sym-
metry in two dimensions. The supersymmetry is generated by two supercharges Q+, Q+
in the right-moving sector. They commute with super derivatives D+, D+ and associated
fermionic coordinates in a world-sheet superspace are given by θ+ and θ
+
. In order to
formulate a gauge theory, we introduce gauge fields vi (i = 0, 1). It is described by a
superfield Ψ which can be written in the Wess-Zumino gauge as Ψ = Ψ = θθ(v0 + v1).
With this Ψ, gauge covariant derivatives are denoted by
D+ = e−ΨD+e+Ψ = ∂
∂θ+
− iθ+(D0 +D1),
D+ = e+ΨD+e−Ψ = − ∂
∂θ
+ + iθ
+(D0 +D1),
D0 −D1 = ∂0 − ∂1 + i(v0 − v1) + 2θ+λ− + 2θ+λ− + 2iθ+θ+D.
The gauge invariant field strength Υ is defined as
Υ = [D+,D0 −D1] = −2λ− + 2iθ+(D − iv01) + 2iθ+θ+∂+λ−,
and the kinetic term of this gauge multiplet is
Lgauge =
1
8e2
∫
dθ+dθ
+
ΥΥ =
1
e2
(
1
2
D2 +
1
2
v201 + iλ−(∂0 + ∂1)λ−
)
. (5.8)
One more possible term of abelian gauge theory is the FI term,
LD,θ =
t
4
∫
dθ+Υ
∣∣∣∣
θ
+
=0
+
t¯
4
∫
dθ
+
Υ
∣∣∣∣
θ+=0
= −rD + θ
2π
v01, (5.9)
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with the FI parameter t = ir + θ/(2π).
We also introduce matter multiplets. Bosonic chiral superfield ΦI and its conjugate
Φ
I
are defined in component expansion as
ΦI = φI +
√
2θ+ψI+ − iθ+θ
+
(D0 +D1)φ
I ,
Φ
I
= φ
I −
√
2θ
+
ψ
I
+ + iθ
+θ
+
(D0 +D1)φ
I
.
In our case there are fermionic chiral and anti-chiral superfields,
ΞA = ξA +
√
2θ+bA+ − iθ+θ
+
(D0 +D1)ξ
A,
Ξ
A
= ξ
A
+
√
2θ
+
b
A
+ + iθ
+θ
+
(D0 +D1)ξ
A
.
The kinetic term Lkin of these fields is defined as
Lkin = L
b
kin + L
f
kin, (5.10)
Lbkin =
i
2
∫
dθ+dθ
+∑
I
Φ
I
(D0 −D1)ΦI
=
∑
I
[
−DjφIDjφI + iψI+(D0 −D1)ψI+ +QIDφ
I
φI
− i
√
2QIφ
I
λ−ψI+ + i
√
2QIψ
I
+λ−φ
I
]
,
Lfkin =
i
2
∫
dθ+dθ
+∑
A
Ξ
A
(D0 −D1)ΞA
=
∑
A
[
−DjξADjξA + ibA+(D0 −D1)bA+ + qADξ
A
ξA
− i
√
2qAξ
A
λ−bA+ + i
√
2qAb
A
+λ−ξ
A
]
.
We take other types of matter multiplet Λ−a and Λ˜−a˜, where Λ−a’s are fermionic super-
fields and Λ˜−a˜’s are bosonic ones. They are expanded in terms of θ+ and θ
+
,
Λ−a = λ−a −
√
2θ+Ga − iθ+θ+(D0 +D1)λ−a −
√
2θ
+
Ea(Φ,Ξ),
Λ˜−a˜ = λ˜−a˜ −
√
2θ+G˜a˜ − iθ+θ+(D0 +D1)λ˜−a˜ −
√
2θ
+
E˜a˜(Φ,Ξ),
Ea(Φ,Ξ) = Ea(φ, ξ) +
√
2θ+
∑
I
ψI+
∂Ea
∂φI
+
√
2θ+
∑
A
bA+
∂Ea
∂ξA
− iθ+θ+(D0 +D1)Ea,
E˜a˜(Φ,Ξ) = E˜a˜(φ, ξ) +
√
2θ+
∑
I
ψI+
∂E˜a˜
∂φI
+
√
2θ+
∑
A
bA+
∂E˜a˜
∂ξA
− iθ+θ+(D0 +D1)E˜a˜,
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where Ea(Φ,Ξ) and E˜a˜(Φ,Ξ) are superfields. The kinetic term of these fields is defined as
LΛ =
1
2
∫
dθ+dθ
+
(Λ−aΛ−a + Λ˜−a˜Λ˜−a˜)
=
1
2
iλ−a(D0 +D1)λ−a − 1
2
i
(
(D0 +D1)λ−a
)
λ−a +GaGa − EaEa
+
1
2
iλ˜−a˜(D0 +D1)λ˜−a˜ − 1
2
i
(
(D0 +D1)λ˜−a˜
)
λ˜−a˜ + G˜a˜G˜a˜ − E˜a˜E˜a˜
−
∑
I
[
λ−aψI+
∂Ea
∂φI
+
∂Ea
∂φI
ψ
I
+λ−a + λ˜−a˜ψ
I
+
∂E˜a˜
∂φI
+
∂E˜a˜
∂φI
ψ
I
+λ˜−a˜
]
−
∑
A
[
λ−abA+
∂Ea
∂ξA
+
∂Ea
∂ξA
b
A
+λ−a + λ˜−a˜b
A
+
∂E˜a˜
∂ξA
+
∂E˜a˜
∂ξA
b
A
+λ˜−a˜
]
.
(5.11)
Next we introduce superfields Ja(Φ,Ξ) and J˜ a˜(Φ,Ξ) with relations,
EaJ
a + E˜a˜J˜
a˜ = 0, D+Ja = 0, D+J˜ a˜ = 0. (5.12)
Ja’s are bosonic fields and J˜ a˜’s are fermionic ones. Since the superfields Λ−a and Λ˜−a˜
satisfy the relations,
D+Λ−a =
√
2Ea(Φ,Ξ), D+Λ˜−a˜ =
√
2E˜a˜(Φ,Ξ),
which lead to D+(Λ−aJa + Λ˜−a˜J˜ a˜) = 0, we can construct another term LJ ,
LJ =
1√
2
∫
dθ+(Λ−aJa + Λ˜−a˜J˜ a˜)
∣∣∣∣
θ
+
=0
+
1√
2
∫
dθ
+
(J
a
Λ−a + J˜
a˜
Λ˜−a˜)
∣∣∣∣
θ+=0
=
∑
I
[
ψI+λ−a
∂Ja
∂φI
+ ψI+λ˜−a˜
∂J˜ a˜
∂φI
+
∂Ja
∂φI
λ−aψ
I
+ +
∂J˜ a˜
∂φI
λ˜−a˜ψ
I
+
]
+
∑
A
[
−bA+λ−a
∂Ja
∂ξA
+ bA+λ˜−a˜
∂J˜ a˜
∂ξA
− ∂J
a
∂ξA
λ−ab
A
+ +
∂J˜ a˜
∂ξA
λ˜−a˜b
A
+
]
−GaJa − JaGa − G˜a˜J˜ a˜ − J˜
a˜
G˜a˜.
(5.13)
Here we assume Ea, E˜a˜, J
a and J˜ a˜ are holomorphic functions of ΦI and ΞA. By collecting
the terms written in (5.8), (5.9), (5.10), (5.11) and (5.13), we obtain the total Lagrangian
of this model,
L = Lgauge + Lkin + LΛ + LD,θ + LJ .
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We now investigate the reduction of (2, 2) multiplets into (0, 2) multiplets. Firstly the
gauge multiplet Σ of (2, 2) model is reduced to Σ′ by putting θ− = θ
−
= 0,
Σ′ = Σ
∣∣
θ−=θ
−
=0
.
Next the (2, 2) chiral superfields ΦI and ΞA are respectively reduced to (0, 2) multiplets
Φ′I and Ξ
′
A,
Φ′I = Φ
I
∣∣
θ−=θ
−
=0
, Ξ′A = Ξ
A
∣∣
θ−=θ
−
=0
.
By using these fields, we can introduce Λ−I and Λ˜−A as
Λ−I =
1√
2
D−ΦI
∣∣∣∣
θ−=θ
−
=0
, Λ˜−A =
1√
2
D−ΞA
∣∣∣∣
θ−=θ
−
=0
. (5.14)
Then we have the relations,
D+Λ−I =
√
2EI , EI =
√
2QIΣ
′Φ′I ,
D+Λ˜−A =
√
2E˜A, E˜A =
√
2qAΣ
′Ξ′A.
(5.15)
In order to compare this (0, 2) model to (2, 2) case, we take a (2, 2) model with a super-
potential W (Φ,Ξ) which is the function of the chiral superfields ΦI and ΞA. The chiral
superfields ΦI and ΞA are respectively reduced into (Φ′I ,Λ−I) and (Ξ
′
A, Λ˜−A) in the (0, 2)
model. They satisfy the relations (5.14) and (5.15). The interaction terms in the (2, 2)
model are determined by the superpotential W . In the (0, 2) model, one must specify
functions JI and J˜A obeying
EIJ
I + E˜AJ˜
A = 0. (5.16)
Comparing superpotential terms LW with LJ in the (0, 2) model, we can read the corre-
spondence,
(λ−I , JI , GI)↔
(
ψI−,
∂W
∂φI
, F I
)
,
(λ˜−A, J˜A, G˜A)↔
(
bA−,
∂W
∂ξA
, χA
)
.
Under this situation, the relation (5.16) is equivalent to quasi-homogeneous condition,
∑
I
QIφ
I ∂W
∂φI
+
∑
A
qAξ
A ∂W
∂ξA
= 0.
It means thatW (λQIφI , λqAξA) =W (φI , ξA) (∀λ ∈ C×) for the superpotentialW (ΦI ,ΞA).
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Next we write down the potential terms of this model containing auxiliary fields D,
GI and G˜A,
LU =
1
2e2
D2 − rD +
∑
I
QIDφ
I
φI +
∑
A
qADξ
A
ξA
+
∑
A
(
GIGI − EIEI −GIJI − JIGI
)
+
∑
A
(
G˜AG˜A − E˜AE˜A − G˜AJ˜A − J˜
A
G˜A
)
.
After eliminating these auxiliary fields D, GI and G˜A, the potential term is expressed as
U =
e2
2
(∑
I
QIφ
I
φI +
∑
A
qAξ
A
ξA − r
)2
+ EIEI + E˜AE˜A + J
IJ
I
+ J˜AJ˜
A
.
If we put JI = ∂W/∂φI and J˜A = ∂W/∂ξA into the above formula, the potential U can
be written as (3.3). One can evaluate the classical vacua by analysing this potential U .
Now let us return to the (0, 2) model and study the spin 1/2 part. The scalar part (spin
0 part) of the (0, 2) model is dominated at the low energy by the condition U = 0, which
determines the structure of vacua. In addition, there are spin 1/2 fields in supersymmetric
model and massless fields play an important role in the dynamics of the low energy physics.
We shall concentrate on the massless fields in this model.
The mass terms of fields with spin 1/2 at the low energy are induced by the Yukawa
couplings. The related parts in the Lagrangian are described by Ea, E˜a˜, J
a and J˜ a˜,
L = −
√
2iλ−
(∑
I
QIψ
I
+φ
I −
∑
A
qAb
A
+ξ
A
)
+
√
2i
(∑
I
QIψ
I
+φ
I −
∑
A
qAb
A
+ξ
A
)
λ−
+ (ψI+ b
A
+ )


∂Ea
∂φI
−∂E˜a˜
∂φI
∂Ea
∂ξA
−∂E˜a˜
∂ξA


(
λ−a
λ˜−a˜
)
+ (ψI+ b
A
+ )


∂Ja
∂φI
∂J˜ a˜
∂φI
∂Ja
∂ξA
∂J˜ a˜
∂ξA


(
λ−a
λ˜−a˜
)
+ (λ−a λ˜−a˜ )


∂Ea
∂φI
∂Ea
∂ξA
−∂E˜a˜
∂φI
−∂E˜a˜
∂ξA


(
ψ
I
+
b
A
+
)
+
(
λ−a λ˜−a˜
)


∂Ja
∂φI
∂Ja
∂ξA
∂J˜ a˜
∂φI
∂J˜ a˜
∂ξA


(
ψ
I
+
b
A
+
)
.
Here Ea and J
a are Grassmann even, while E˜a˜ and J˜
a˜ are Grassmann odd. They satisfy
the relation EaJ
a + E˜a˜J˜
a˜ = 0 in (5.12). From this formula, the massless right-moving
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fields ψI+ and b
A
+ are determined by∑
I
QIψ
I
+φ
I −
∑
A
qAb
A
+ξ
A
= 0,
∑
I
QIψ
I
+φ
I −
∑
A
qAb
A
+ξ
A = 0,
∑
I
ψI+
∂Ea
∂φI
+
∑
A
bA+
∂Ea
∂ξA
= 0,
∑
I
ψI+
∂E˜a˜
∂φI
+
∑
A
bA+
∂E˜a˜
∂ξA
= 0,
∑
I
ψI+
∂Ja
∂φI
+
∑
A
bA+
∂Ja
∂ξA
= 0,
∑
I
ψI+
∂J˜ a˜
∂φI
+
∑
A
bA+
∂J˜ a˜
∂ξA
= 0.
The first two conditions are interpreted as a gauge-fixing condition of holomorphic equiv-
alence and they define a kind of tangent bundle of WCPm−1|n with
∑
I QIφ
I
φI +∑
A qAξ
A
ξA = r. The other conditions mean restriction of the bundle to the hypersurfaces
Ea = J
a = 0 and E˜a˜ = J˜
a˜ = 0, and the right-moving massless fields take their values in
this bundle.
Next let us see the left-moving fields λ−a and λ˜−a˜. Massless conditions of these
left-movers are expressed by
∑
a
λ−a
∂Ea
∂φI
−
∑
a˜
λ˜−a˜
∂E˜a˜
∂φI
= 0,
∑
a
λ−a
∂Ea
∂ξA
−
∑
a˜
λ˜−a˜
∂E˜a˜
∂ξA
= 0,
∑
a
∂Ja
∂φI
λ−a +
∑
a˜
∂J˜ a˜
∂φI
λ˜−a˜ = 0,
∑
a
∂Ja
∂ξA
λ−a +
∑
a˜
∂J˜ a˜
∂ξA
λ˜−a˜ = 0.
For simplicity, we consider the example in which a neutral chiral superfield Σ is introduced
and the superfields Ea and E˜a˜ are decomposed as
Ea = ΣSa(φ
I , ξA), E˜a˜ = ΣS˜a˜(φ
I , ξA).
Then the first relation in (5.12) is led to
SaJ
a + S˜a˜J˜
a˜ = 0.
If vacuum expectation value of Σ vanishes, we do not have to impose the constraints Sa = 0
and S˜a˜ = 0 on the fields φ
I and ξA. In such a case, the right-moving massless fields ψI+
and bA+ are characterised by J
a = J˜ a˜ = 0 and
∑
I QI |φI |2+
∑
A qAξ
A
ξA = r. On the other
hand, the massless conditions for the left-movers λ−a and λ˜−a˜ are rewritten as∑
a
λ−aSa −
∑
a˜
λ˜−a˜S˜a˜ = 0, (5.17a)
∑
a
∂Ja
∂φI
λ−a +
∑
a˜
∂J˜ a˜
∂φI
λ˜−a˜ = 0, (5.17b)
∑
a
∂Ja
∂ξA
λ−a +
∑
a˜
∂J˜ a˜
∂ξA
λ˜−a˜ = 0. (5.17c)
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The constraint (5.17a) means a gauge fixing condition for the equivalence (λ−a, λ˜−a˜) ∼
(λ−a, λ˜−a˜) + λ(Sa, S˜a˜) (λ; Grassmann odd). It is expressed by the mapping f : λ 7→
λ(Sa, S˜a˜). The other conditions are interpreted as kernel of the mapping g for (λ−a, λ˜−a˜),
g : (λ−a, λ˜−a˜) 7→
(∑
a
∂Ja
∂φI
λ−a +
∑
a˜
∂J˜ a˜
∂φI
λ˜−a˜,
∑
a
∂Ja
∂ξA
λ−a +
∑
a˜
∂J˜ a˜
∂ξA
λ˜−a˜
)
.
Then the massless fields in the left-movers are described by (5.17b, c) up to the gauge
equivalence, in other words, those massless fields are represented by kernel of g up to
image of f .
6. Conclusions
We have studied the gauged linear sigma model on the supermanifold in which the
fermionic chiral multiplets are introduced for the Grassmann odd coordinates on the target
supermanifold.
Firstly, for a simple example, we have constructed the N = (2, 2) supersymmetric
U(1) gauged linear sigma model and investigated its vacuum structure. On one vacuum,
the target space is reduced to the hypersurface in the super weighted projective space
WCP
m−1|n
(Q1,Q2,···,Qm|q1,q2,···,qn). On another vacuum, the theory becomes the bosonic Landau-
Ginzburg orbifold, which is the same as the Landau-Ginzburg orbifold derived from an
ordinary bosonic CPmodel. On the other vacuum, the fermionic Landau-Ginzburg orbifold
appears and it is the new interesting feature on account of considering the supermanifold.
As we have seen so far, there might be the transition between the bosonic and the fermionic
manifolds.
In order to study the quantum property of vacua, we have calculated one-loop correc-
tion to the expectation value of the D-field. By this analysis, information on renormaliza-
tion property of the FI parameter r can be evaluated. We obtained the condition for the
one-loop divergence of this D-field to vanish. The result is consistent with the Ricci flatness
condition of the supermanifold. If this condition is not satisfied, then the FI parameter r
runs according to the scale parameter µ and the theory depends on the µ.
Next we have calculated the supersymmetric transformation of the Lagrangian and
have considered two types of supersymmetric boundary conditions. The A-type boundary
condition is realised as the brane with a half of the bosonic and the fermionic dimensions of
the target supermanifold. It is the analogue of an A-brane on the Lagrangian submanifold
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in the ordinary Calabi-Yau manifold. On the other hand, we have shown that the B-type
boundary condition corresponds to the subsupermanifold whose bosonic and fermionic
parts have real even dimensions. That should be the analogue of a B-brane wrapped on
a holomorphic cycle in a purely bosonic manifold. Though Lagrangian submanifolds and
holomorphic cycles in supermanifolds might be not understood so clearly, we have been
able to obtain the D-branes wrapped on the supermanifold from the above consideration.
In section 5, we have constructed the non-abelian gauged linear sigma model as an
extension of the abelian case. In order to study the structure of vacua, we wrote down
the potential term of the scalar fields and analysed the D-flatness condition. The D-
field corresponds to the moment map associated with the gauge symmetry group, and the
structure of vacua is determined by the vanishing locus of this field. For example, if we
take the model with U(m) flavour symmetry and put all the fermionic coordinates to equal
zero, the corresponding classical vacuum becomes the well-known Grassmannian manifold.
In order to analyse the quantum property of vacua, we performed one-loop calculation of
the D-field in terms of the free field approximation. The resulting theory generally has
mass gap. But some condition is met, there could be scale invariant theory at least in this
approximation.
For the purpose of construction of another supersymmetric model, we also have built
the (0, 2) supersymmetric model. The reduction of the (2, 2) supersymmetric model has
been expressed as an concrete example of this (0, 2) model. We also have discussed the
massless fields in this model and expected that they play important roles in the low energy
physics.
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Appendix A. The boundary terms of supersymmetric transformations
The boundary terms with the auxiliary fields by the supersymmetric transformation
are calculated in terms of (4.2), (4.3), (4.4), (4.5) and (4.6), and are described as follows:
δL = −
∫
∂Σ
dx0(ǫ+L+ − ǫ−L− − ǫ+L+ + ǫ−L−),
where L+ and L− are given by
L+ =−
∑
I
(
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2
ψI−(D0 +D1)φ
I − 1
2
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2
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I
(D0 +D1)ψ
I
−
− i√
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∑
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+
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λ−(∂0 + ∂1)σ +
i
2
√
2
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∂φ
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(A.1)
L− =−
∑
I
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2
ψI+(D0 −D1)φ
I
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2
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φ
I
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ψ
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∑
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(A.2)
and L+ and L− are hermitian conjugates of L+ and L− respectively.
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